The voltage stability is an essential security concern when a system is operating in peak load hours or subjected to an N-1 contingency. Among various voltage stability indices, Local Thevenin Index (LTI) has been a popular one, but mostly applied to the measurement-based framework. The reason is that it requires significant computing effort if applied to model-based approach, even though the model-based LTI calculation can provide more accurate results. In this paper, a new model-based LTI calculation is proposed using graph-computing-based power flow calculation, which is fast enough to fully utilize the advantage of model-based LTI. Then, when the voltage stability index of one or multiple buses exceeds the security limit, a demand response scheme is activated to increase the voltage security margin at the lowest cost. The simulation study of a thousand-level-bus system verifies the computation accuracy and efficiency of the proposed model-based LTI. It also demonstrates that the demand response action can enhance the system security effectively. Thus, the proposed work has advantages if applied to a large-scale Energy Management System (EMS).
I. INTRODUCTION
The modern power system is developing into an increasingly complex and heavy-loaded system, with the integration of a significant amount of renewable energy sources [1] . Voltage stability and line thermal limit are two concerns when the system operates in peak load condition or meets with a disturbance, such as a line outage or generator outage. While the thermal limit can be directly measured, the system voltage stability cannot. The purpose of voltage stability monitoring (VSM) is to identify the stability margin and to predict the maximal deliverable power to a load bus. If the margin The associate editor coordinating the review of this manuscript and approving it for publication was Yanbo Chen .
is lower than the limit, necessary load reduction should be conducted to prevent a voltage collapse, or even a cascading failure [2] , [3] .
VSM methods are classified into model-based methods and measurement-based ones [4] . Continuous power flow (CPF) is a common model-based algorithm to estimate the steady-state voltage stability margin [5] . CPF is successful in power system planning, but is time-consuming for power flow calculations and not always a good choice for online VSM of a large-scale system [6] . With the fast development of phasor measurement units (PMUs), measurement-based VSM has received significant attention in the past decade. The impedance matching method was proposed in [7] , [8] . The main idea of this method can be summarized as:
The system Thevenin equivalent (Z th ) and load impedance (Z L ) are determined by the voltage and current phasors of two distinct snapshots, which are obtained by PMUs. The Local Thevenin Index (LTI), which is defined as the ratio between |Z th | and |Z L |, measures the voltage stability margin [8] . Voltage instability happens if the ratio equals 1. Despite its simplicity, this method has some limitations in industrial applications. The estimation of LTI relies on the quasi-steady state of the system. However, in a contingency, the system experiences a series of changes, such as line tripping and generators reaching vars limits. Consequently, the bus voltage can oscillate, causing a significant error of LTI [9] , [10] . Beyond the above VSM methods based on local PMU data, more recent works on wide-area PMU or hybrid VSM methods were proposed [4] , [9] , [11] - [14] . The Sensitivity-based Thevenin Index (STI) was proposed in [9] , [12] . Although its definition is the same as LTI, the computation is based on the system's Jacobian matrix and provides an accurate estimation of the stability margin.
In the industry, traditional online VSM updates data every 5 minutes or more. However, a system blackout usually happens within several minutes, and this time interval is too large for the operator to catch the cascading events and take necessary actions to prevent voltage collapse. In recent years, high performance, graph-computing technology is able to solve for the power flow very quickly [15] - [18] . Based on the existing graph computing platform, this paper proposes a model-based VSM scheme that obtains an accurate LTI with a relatively low computation workload.
Furthermore, even if the line power flow is not high enough to cause any voltage instability, there is still a possibility that the line flow exceeds the thermal limit during peak load hours or under N-1 contingency, as in [19] , [20] . Therefore, both voltage stability and line thermal limit should be considered for identifying system security. If either of them is violated, the system operator is supposed to quickly and accurately identify the degree of violation and make proper control actions to enhance system security. The demand response (DR) has great potential in providing frequency regulation support and security enhancement [21] - [25] . Undervoltage load shedding was applied to increase the load margin under heavy load conditions [22] . Reference [23] proposed an event-driven DR scheme for security enhancement. However, the constraint of line power flow was not considered. Corrective voltage control considering DR was proposed in [24] , [25] . The control strategy was comprehensive but did not show an online computation method of the voltage stability index (VSI). Based on these motivations, a DR scheme is proposed for enhancing the system security with the consideration of voltage stability margin and transmission line capacity. The proposed VSM and DR scheme are applicable to the energy management system (EMS) of large-scale power systems.
The remaining parts of the paper are organized as follows. Section II discusses the model-based method of calculating VSI. Section III describes the graph-computing-based platform for power flow calculation. Section IV proposes a DR scheme for system security enhancement. Meanwhile, a method of critical line selection is introduced for reducing the computation workload. The verification study of a practical thousand-bus-level system is presented in Section V. Finally, Section VI concludes the paper.
II. GUIDELINES FOR MANUSCRIPT PREPARATION A. CALCULATION OF VOLTAGE STABILITY INDEX
As is shown in Fig. 1 , the external system seen from a load bus can be reduced to a Thevenin equivalent, with a voltage source V th and impedance Z th . In principle, two pairs of subsequent phasor measurements of V and I can be used to compute V th , Z th and Z L under the assumption that they keep constant during this time interval [2] , [26] .
Then, LTI can be determined by equations (4) [26] .
where V (1) i and I (1) i represent the voltage and current phasors when the system loading level is P Li + jQ Li , respectively. V (2) i and I (2) i represent the voltage and current phasors when all the loads increase with the same load scaling factor λ ( λ is usually lower than 0.05). The phasors can be obtained by PMU or power flow calculation. Furthermore, if λ approaches 0, LTI is the most accurate and equivalent to STI. The expression of STI is given by (5) [9] .
The terms dV/dλ and dθ /dλ are the sensitivities of the voltage magnitude and the phase angle with respect to λ. The comparison between STI and LTI are visualized in Fig. 2 . Point A represents the current operating point and point B corresponds to a small load increment ( λ > 0). AB is a secant of the PV curve while AC is a tangent of the PV curve at point A. LTI and STI are represented by the slopes of AB and AC, respectively. When λ approaches 0, AB approaches AC. Therefore, LTI at the operating point A can approximate STI with high accuracy.
The slopes can be obtained using the Jacobian matrix:
where P and Q are the vectors of real power and reactive power, respectively, θ is the vector of voltage angle of the PQ and PV buses, and V is the vector of voltage magnitude of PQ buses. The submatrices f θ and f V are the partial derivatives of the active power flow injection expressions with respect to the angles and magnitudes. Similarly, g θ and g V are the partial derivatives of the reactive power flow.
To compute dV/dλ and dθ /dλ, we let P + j Q = λ(P 0 + Q 0 ). Then, (6) is transformed into
The sensitivity terms can be obtained by (8) .
Substituting (8) to (5) gives the STI.
B. LTI AND LOAD MARGIN
LTI is an essential indicator of the voltage stability. However, LTI cannot directly reflect how large the load margin because it is a nonlinear function of λ [9] . Alternatively, we define the load ratio as (9) .
where P max,i is the critical point power of Bus #i. At the current operation point, P max,i is calculated by (10) [10] .
where δ is the power factor angle of the load, V th and Z th are calculated by (1)-(2), and Z th = R th +jX th . A sensitivity study is conducted to show the relationship between the LTI and load ratio. Assume the Thevenin equivalent parameters are V th = 1.0 p.u., and Z th = 0.02 + j0.1. The PV curves and LTI curves of different power factors are shown in Fig. 3 . The figure indicates that for the same loading level (e.g., Load ratio = 85%), the LTI slightly increases when the power factor changes from lagging to leading. Generally, the power factor in real system ranges between 0.95 lagging and 1.0. In this paper, we choose LTI secu = 0.50 as the threshold of the voltage security [9] . If LTI < LTI secu , then the system is secure and not action is required. In this condition, the LTI is a good indicator of the load ratio because it is roughly linear to the system loading level. If LTI ≥ LTI secu , then the load margin is calculated in order to determine whether the DR should be activated.
As mentioned in Section I, although measurement-based LTI is generally less accurate than the model-based LTI, measurement-based LTI has been more popularly applied in VSA. The reason is that the model-based LTI requires significant computing effort with two full power flow runs. However, the graph-computing based power flow calculation, if incorporated into the model-based LTI calculation, is fast enough to practically enable the computation of model-based LTI. The graph-computing will be introduced in the next section.
III. GRAPH-COMPUTING-BASED PLATFORM FOR POWER FLOW CALCULATION A. DESCRIPTION OF GRAPH COMPUTING
A graph is a collection of nodes and representing objects in a system and branches representing relationships between objects. Graph database represents and stores data in nodes (buses) and branches (lines) of a graph structure. In mathematics, a graph can be described as G = (N, B) , where N is a set of nodes, representing objects in the designated system, and B is a set of branches, depicting how these nodes relate to each other. A branch is denoted by b = (j, k), where j and k in N respectively refer to the head and tail of the branch b. Such a database allows data to be linked directly, and retrieved with one operation.
In previous research, the graph computing techniques were developed for a wide variety of power system analysis, including power flow calculation [16] - [18] (including both AC systems and AC-DC hybrid systems), topology analysis [27] , state estimation [28] , and real-time EMS framework [29] , etc.
B. GRAPH COMPUTING FOR FAST POWER FLOW CALCULATION
A graph-computing-based power flow analysis approach was developed to achieve a high performance and accurate power flow analysis. First, a power system network is partitioned into several areas based on the geological information and topology structure. The slack bus is selected for each area. At each SCADA sampling period, the inter-area line power flows are equivalently allocated as extra load injections to the corresponding bus. Then, the network is converted into multiple independent areas. Consequently, the power flow analysis of each area can be conducted in parallel. Also, the graph-computing-based fast-decoupled power flow (FDPF) is employed to quickly and accurately solve system states of an area. In other words, no more information exchange is needed at borders of different areas during the power flow analysis of each area, since the boundary information (slack bus voltage magnitude/angle and inter-area line flow) is preprocessed by the state estimator of EMS before power flow calculation. The detailed technique can be found in [17] .
An example of network partitioning is shown in Fig. 4 . For example, branch 31-24 connects area 1 and area 2. During the process of network partitioning, this branch is removed and its power flow P 31−24 , Q 31−24 , P 24−31 , and Q 24−31 (P 31−24 + P 24−31 ≈ 0 and Q 31−24 + Q 24−31 ≈ 0) are equivalently replaced by extra power injections. at bus 31 and bus 24. That is, P 31−24 and Q 31−24 are injected to bus 24 while P 24−31 and P 24−31 are injected to bus 31. After this procedure, the IEEE 118-bus system is partitioned into three isolated areas. Consequently, the distributed graph computing based FDPF analysis can be applied to all areas simultaneously. Based on the previous research on graph-computing [16] - [18] , an EMS prototype platform has been developed by our group with the capability of network analysis. According to our test, the EMS platform is able to complete the power flow calculation of a 10790-bus system less than 0.1 second (and then complete the state estimation of the same system within 0.5 second). In comparison, the MATPOWER software takes 1.6 seconds to complete the power flow calculation of the same system, on the same computer. Further, since the time interval of SCADA sampling is typically within 4 seconds, it will be challenging to finish LTI-based security assessment, together with other EMS tasks like state estimation, contingency screening within each SCADA sampling cycle. Thus, with graph-computing based approach, LTI-based security assessment as well as other EMS tasks can be comfortably completed within 4 seconds of SCADA sampling cycle.
Therefore, based on this high-efficiency graph computing platform, the system voltage stability can be monitored using the latest SCADA measurement data and the model-based LTI. The control center can take timely actions when the system is experiencing an extremely heavy load condition or sudden disturbance.
IV. DEMAND RESPONSE FOR SYSTEM SECURITY ENHANCEMENT
A DR control scheme is developed for enhancing the system security. Subsection A introduces a critical-line selection method in order to avoid the unnecessary computation. Subsection B proposes a DR scheme, considering the voltage stability and line thermal limit.
A. SELECTION OF CRITICAL LINES
The thermal limit is another security constraint of the system. In this paper, we only consider the real power limit for simplicity. Thus, the generation shift factor (GSF) is applied to calculate the line power flow in response to the nodal injection, given by (11) [30] .
For example, GSF l,i = ± 0.35 indicates that a 1p.u. net power injection at bus i leads to 0.35p.u. power flow increase/decrease at the directed line l = (j, k). Due to the complexity of the network topology and wide range of line impedance, GSF varies between -1.0 and 1.0. The calculation method of GSF is introduced in Appendix. In a network with N buses and M lines, all the GSF values form an M × N matrix. The value of the GSF is determined by the location of a line. In this study, a line is called ''mesh line'' if it is part of a loop, and called ''radial line'' if it is not in a loop. The examples of mesh line and radial line are shown in Fig. 5 . According to the definition, GSF has the following patterns:
• Radial line: GSF l,i = ±1 only if bus i is located at the downstream side of this radial line. Otherwise, GSF l,i = 0.
• Mesh line: The range is −1 < GSF l,i < 1. Whether the load reduction increases or decreases the line flow depends on the positive-negative sign of P l and GSF l,i . If P l × GSF l,i < 0, then the load reduction (net power injection) at bus i decreases |P l |. If P l × GSF l,i > 0, then the load reduction at bus i increases |P l |. In a large-scale system, we are only interested in the GSF of heavy-loaded lines with regard to large PQ buses. Therefore, the transmission lines that are both heavy-loaded and sensitive to bus injection should be selected as ''critical lines'' and considered in the DR scheme. The set of critical lines (CLs) is defined as follows:
and max |GSF l,i | > 0.1 (12) where B is the set of all transmission lines, PQ is the set of large PQ loads, and P l−heavy is the threshold of heavy-loaded line.
B. DEMAND RESPONSE SCHEME
A security-based DR scheme is proposed. The DR is activated if either of the following conditions is satisfied:
• The load ratio at bus i exceeds 85%. It should be noted that the monitoring system starts to calculate P max when the LTI is higher than 0.50.
• The power flow of any critical lines exceeds the thermal limit. The objective function is to minimize the expense for turning off loads at large PQ buses.
min.
where c i is the unit cost of interrupting load i, P DR,i is the i-th interruptible load that is designed for DR. At each load bus, the load reduction amount should obey the DR constraint because only part of the loads can be turned off for security purposes.
If P Li > 0.85P max,i is detected, the load reduction should be large enough to bring the load within the security region.
where P max,i is estimated by (10) . After the load reduction, the power flow of line l is modified. The new power flow should obey the thermal limit:
The DR scheme is implemented by DC power flow, which ignores the reactive power. In fact, the system operator is not able to control the reactive power at a bus, because the local Var compensation devices are always adjusting their output according to the measured voltage. To simplify the study, we assume the power factor of the interruptible load equals the power factor of that load bus.
The overall security-based DR scheme is summarized in Fig. 6 . The first part is the offline computation, which provides the online monitoring and DR with basic input parameters. The critical lines are selected based on the proposed method in Section IV.A. The second part is the online monitoring. In every time step (4 seconds), the EMS solves the AC power flow and calculates the model-based LTI. If LTI > 0.5 is detected, the load ratio will be calculated. If either the voltage or thermal limit is violated, the DR will be activated. The DR scheme aims to find an optimal load reduction plan for each heavy PC buses, considering the requirements of voltage security and line limit. Furthermore, since the system operating condition keeps changing, P max of a load bus is not a constant. If the load ratio of a bus is reduced below 85% after the load reduction, it may still exceed 85% in the next few time steps. Then, the load reduction will be conducted according to the latest load ratio. The load reduction is implemented by raising the temperature setting of air conditioners and turning off electric water heaters [31] .
V. CASE STUDIES
This section presents simulation results for a thousand-levelbus system of Sichuan, China. The computation is implemented in a virtual computer running the Linux operating system. The memory is 7.55GB and the CPU is E7-4830 v3@2.10GHz. In particular, the critical lines of the system are selected in order to reduce the computation workload.
A. DESCRIPTION OF A PROVINCIAL-LEVEL SYSTEM
The bus-branch model of the Sichuan transmission system in China contains 2749 buses and 3282 lines, in which there are 1074 AC transmission lines and 2208 transformers. The voltage level ranges between 10 kV and 500 kV. The base power for power flow calculation is 100 MVA. The system peak load is (32.30 + j5.512) GVA, the largest PQ load is (4.592 + j1.973) GVA, and the heaviest-loaded line is (10.75 + j2.188) GVA. The network topology of 500kV-level transmission lines is shown in Fig. 7 .
In the Sichuan 2749-bus system, there are 204 large PQ buses whose real power is larger than 0.5 p.u. Table 1 lists the parameters of 10 representative large PQ loads. In each PQ load, we assume that 5% of the load real power can be cut for security enhancement purposes. The cost is defined as the product of the cost coefficient and standard cost C 0 . According to previous studies [23] , C 0 is chosen as $200/MW.
B. ACCURACY OF LTI FOR LARGE SYSTEM MONITORING
In this subsection, we compare the computation time between model-based LTI and STI by using the Sichuan 2749-bus system. In particular, the computation of STI is based on the Jacobian matrix (given by (8) ). Since our graph-computingbased power flow platform adopts PDPF method instead of Newton Raphson method, additional effort is required to compute the Jacobian matrix and its inverse matrix after the power flow calculation [17] . In this study, we calculate power flow twice to obtain the LTI. If λ is small (e.g., 0.01), the LTI can approximate the STI with high accuracy [9] . Therefore, it is necessary to compare the accuracy and computation time of the LTI or STI. The computation process and computation time of the LTI and STI are shown in Fig. 8 . Since the voltage phasors obtained by the last snapshot is the initial guess for the FDPF in the current snapshot, the iteration can usually converge in 2∼3 steps.
In the four simulation scenarios, all the generation and loads are multiplied by 30%, 70%, 100%, and 130% of the base case, respectively. In the base case, we select 204 PQ buses with P > 50MW and rank their STIs in ascending order. In other scenarios, the STI and LTI values are also arranged in this order. The largest STIs in the four cases are: 0.111, 0.300, 0.488 and 0.743, respectively. The result shown in Fig. 9 confirms the LTI is very close to the STI. Further, the average computation time of the LTI and STI are 1.4 milliseconds and 2.5 milliseconds, respectively. Therefore, the model-based LTI is appropriate for the online VSM of large-scale systems.
C. CRITICAL LINES
The criteria of heavy-loaded line is defined as P l > 10 p.u., 21 heavy-loaded lines are selected from 1074 lines. Fig. 10 shows the ranked GSFs of representative lines with regard to the 204 selected buses. For example, all the GSF l,i values of line 9-5 are zero because no large PQ buses are located at its downstream side. Finally, 14 critical lines are selected for the DR scheme. The thermal limits of the critical lines are listed in Table 2 . The remaining 7 heavy-loaded lines are not included because their power flow is insensitive to the power injection change of 204 large PQ buses.
D. SIMULATION RESULT
We assume the system experiences a heavy load condition of (38.76 + j6.61) GVA, in which each load is multiplied by 120% of the base load. The AC power flow indicates that the LTIs of 128 PQ buses exceed 0.50 and one line exceeds the thermal limit. Then, the load ratios of such 128 buses are calculated and arranged in ascending order. The PQ buses with the top 40 load ratios (denoted as selected PQ buses) are shown in the red dotted curve of 11 (a). Based on the proposed DR scheme, the load ratios of 37 buses are reduced. The total load reduction amount is 0.607p.u. (60.7MW) and the total payment is 61.0C 0 . As a consequence, the load ratios of all PQ buses are reduced to below the 85% security limit, shown in the green dotted curve of 11 (a). Additionally, the voltage magnitudes of the selected PQ buses are slightly increased by DR action, as shown in 11 (b).
The real power flow of the critical lines before and after DR is shown in Table 3 . Due to the diversity of GSFs, the line flow can be increased or decreased by DR. For example, the DR action causes the line 119-155 power flow to decrease 0.26 p.u. and the line 224-241 power flow to increase 0.24 p.u. Finally, the power flow of all critical lines is kept within the thermal limit.
VI. CONCLUSION AND FUTURE WORK
This paper proposes an online VSM method and DR scheme for security enhancement. The LTI is based on the newlydeveloped, graph-computing-based power flow platform. Therefore, voltage stability can be accurately estimated within 1.5 milliseconds in an actual 2749-bus power grid of Sichuan Province, China. The contributions of this paper can be summarized as follows.
• A model-based LTI computation method is proposed.
Its accuracy is verified through a comparison with STI. In normal conditions, the LTI is updated every four seconds with high accuracy and relatively low computation workload. When the LTI of a large PQ bus exceeds the threshold, the control center needs to calculate the maximal deliverable power of this bus.
• A DR control algorithm is proposed to enhance system security under heavy load conditions. The DR can effectively promote the load margin and prevent line flow violation. In particular, the critical lines are selected according to their GSFs. If a heavy-loaded line is sensitive to the power injection change of such buses, it is considered as an element of critical lines. Since the critical lines only take a small portion of the entire network, the number of line constraint equations in the optimization model is greatly reduced.
APPENDIX
In an N -node system, the DC power flow function is:
where B' is the nodal admittance matrix and P inj,k is the vector of nodal injection. The k-th component of P inj,k is 1 and others are 0: P inj,k = 0, 0, · · · 0 (k−1)
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The nodal voltage angle is solved by
The GSF is calculated by
